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ON EMBEDDINGS OF QUANDLES INTO GROUPS
VALERIY BARDAKOV, TIMUR NASYBULLOV
Abstract. In the present paper, we introduce the new construction of quandles.
For a group G and its subset A we construct a quandle Q(G,A) which is called
the (G,A)-quandle and study properties of this quandle. In particular, we prove
that if Q is a quandle such that the natural map Q → GQ from Q to its enveloping
group GQ is injective, then Q is the (G,A)-quandle for an appropriate group G
and its subset A. Also we introduce the free product of quandles and study this
construction for (G,A)-quandles. In addition, we classify all finite quandles with
enveloping group Z2.
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1. Introduction
A quandle is an algebraic system whose axioms are derived from the Reidemeister
moves on oriented link diagrams. Such algebraic systems were introduced indepen-
dently by Joyce [11] and Matveev [16] as an invariant for knots in R3. More precisely,
to each oriented diagram DK of an oriented knot K in R
3 one can associate the quan-
dle Q(K) which does not change if we apply the Reidemeister moves to the diagram
DK . Moreover, Joyce and Matveev proved that two knot quandles Q(K1) and Q(K2)
are isomorphic if and only if K1 and K2 are weakly equivalent, i. e. there exists a
homeomorphism of R3 (possibly, orientation reversing) which maps K1 to K2. Over
the years, quandles have been investigated by various authors in order to construct
new invariants for knots and links (see, for example, [7, 10, 14, 17, 18]).
A lot of quandles can be constructed from groups. The most common example of a
quandle is the conjugation quandle Conj(G) of a groupG, i. e. the quandle 〈G, ∗〉 with
x ∗ y = y−1xy for x, y ∈ G. If we define another operation ∗ on the group G, namely
x∗y = yx−1y, then the set G with this operation also forms a quandle. This quandle
is called the core quandle of a group G and is denoted by Core(G). In particular,
if G is an abelian group, then the quandle Core(G) is called the Takasaki quandle
of the abelian group G and is denoted by T (G). Such quandles were studied by
Takasaki in [22]. If G is the cyclic group of order n, then the Takasaki quandle T (G)
is called the dihedral quandle of order n and is denoted by Rn. Other examples of
quandles arising from groups can be found, for example, in [2,3]. Algebraic properties
of quandles were studied in [2–5, 8, 9].
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We say that a qandle Q is embedded into a group, if there is a group G such that
Q ≤ Conj(G). If Q ≤ Conj(G), then there exists a subgroup H ≤ G such that Q is a
union of conjugacy classes of H . As was noticed in [11, Section 4], not every quandle
is embedded into a group. The question of describing quandles which are embedded
into groups was formulated in [2, Question 3.1].
In the present paper, we introduce a new way of constructing quandles from groups.
For a group G and its subset A we construct the quandle Q(G,A) which is called the
(G,A)-quandle and study properties of this quandle. In particular, we prove that if
the natural map Q→ GQ from a quandle Q to its enveloping group GQ is injective,
then there exists a subset A in GQ such that Q = Q(GQ, A) (Theorem 4.5). As a
consequence, we prove that commutative quandles, latin quandles, simple quandles
and Takasaki quandles are (G,A)-quandles (Corollary 5.1 and Theorem 6.5). Also we
introduce the notion of the free product Q∗P of quandles Q, P . We prove that if Q,P
are quandles such that the natural maps Q → GQ, P → GP are injective, and A,B
are sets of representatives of orbits of Q, P under the action of inner automorphisms,
then Q ∗ P = Q(GQ ∗ GP , A ∪ B), where GQ ∗ GP denotes the free product of the
groups GQ, GP (Theorem 7.2).
The paper is organized as follows. In Section 2, we give preliminaries about quan-
dles. In Section 3, we find explicit presentations of enveloping groups of some quan-
dles. In Section 4, we introduce the (G,A)-quandles and study some proerties of these
quandles. In Section 5, we prove that commutative, latin and simple quandles are
(G,A)-quandles. In Section 6, we prove that Takasaki quandles are (G,A)-quandles.
Finally, in Section 7, we introduce the notion of the free product of quandles and
study the free products of (G,A)-quandles.
2. Preliminary definitions and examples
A rack R is an algebraic system with one binary algebraic operation (x, y) 7→ x ∗ y
which satisfies the following two axioms:
(r1) the map Sx : y 7→ y ∗ x is a bijection of R for all x ∈ R,
(r2) (x ∗ y) ∗ z = (x ∗ z) ∗ (y ∗ z) for all x, y, z ∈ R.
Axioms (r1) and (r2) imply that the map Sx for x ∈ R is an automorphism of R.
The group Inn(R) = 〈Sx | x ∈ R〉 generated by all Sx for x ∈ R is called the
group of inner automorphisms of R. The group Inn(R) acts on R, the orbit of an
element x ∈ R under this action is denoted by Orb(x) and is called the orbit of x. If
R = Orb(x) for some x ∈ R, then R is said to be connected. For the sake of simplicity
for elements x, y ∈ R we denote by y ∗−1 x the element S−1x (y), and sometimes we
denote by y ∗1 x = y ∗ x. Generally, the operation ∗ is not associative. For elements
x1, . . . , xn ∈ R and integers ε2, . . . , εn ∈ {±1} we denote by
x1 ∗
ε2 x2 ∗
ε3 x3 ∗
ε4 · · · ∗εn xn = ((. . . ((x1 ∗
ε2 x2) ∗
ε3 x3) ∗
ε4 . . . ) ∗εn xn).
A rack R which satisfies an additional axiom
(q1) x ∗ x = x for all x ∈ R
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is called a quandle. The simplest example of a quandle is the trivial quandle on a set
X , that is the quandle Q = 〈X, ∗〉, where x ∗ y = x for all x, y ∈ X . If |X| = n, then
the trivial quandle on X is denoted by Tn.
A free quandle on a nonempty set X is a quandle FQ(X) together with a map
ϕ : X → FQ(X) such that for any other map ρ : X → Q, where Q is a quandle,
there exists a unique homomorphism ρ : FQ(X)→ Q such that ρ ◦ ϕ = ρ. The free
quandle is unique up to isomorphism. The definition of the free rack FR(X) is the
same. We use the following construction of the free rack FR(X) and the free quandle
FQ(X) on the set X of generators (see [10] and [15, Section 8.6]).
Let F (X) be the free group with the free generators X . On the set X × F (X)
define the operation
(a, u) ∗ (b, v) = (a, uv−1bv)
for a, b ∈ X , u, v ∈ F (X). The algebraic system FR(X) = (X × F (X), ∗) is the free
rack on X . For (a, u), (b, v) ∈ FR(X) the element (a, u) ∗−1 (b, v) is given by
(a, u) ∗−1 (b, v) = (a, uv−1b−1v).
The free quandle FQ(X) on X can be constructed as the quotient of FR(X) modulo
the equivalence relation (a, w) ∼ (a, aw) for a ∈ X , w ∈ F (X). The construction
of the free quandle FQ(X) as a subquandle of the conjugation quandle Conj(F (X))
of the free group F (X) is introduced in [11, Theorem 4.1]. If X = {x1, . . . , xn} is a
finite set, then we denote the free quandle FQ(X) by FQn.
A lot of interesting examples of quandles come from groups. If G is a group and
x, y ∈ G, then denote by x ∗ y = y−1xy. The algebraic system 〈G, ∗〉 is a quandle
which is called the conjugation quandle of G and is denoted by Conj(G). The map
Conj which maps G to Conj(G) is a functor from the category of groups to the
category of quandles.
For a quandle Q denote by GQ the group with the set of generators Q and the set
of relations x ∗ y = y−1xy for all x, y ∈ Q. The group GQ is called the enveloping
group of the quandle Q [11, Section 6] (see also [3]). For a quandle Q there exists
a homomorphism Q → Tn from Q to the trivial quandle with n (number of orbits
in Q) elements. This homomorphism sends all elements from Orb(x) to x. This
homomorphism induces the surjective homomorphism GQ → GTn = Z
n, therefore
GQ is always infinite.
Joyce [11] denoted the group GQ by Adconj(Q). The map Adconj which maps Q
to GQ is a functor from the category of quandles to the category of groups which is
adjoint to the functor Conj. There exists a natural map θ : Q → GQ which maps
an element x ∈ Q to the corresponding generator of GQ. This map θ satisfies the
following universal property: for any quandle homomorphism f : Q→ Conj(G) for a
groupG, there exists a unique group homomorphism F : GQ → G such that f = F ◦θ.
3. Enveloping groups of certain quandles
For a group G denote by Conj
−1(G) the quandle 〈G, ∗〉 with the operation given
by x ∗ y = yxy−1 for x, y ∈ G. This quandle is obtained from the quandle Conj(G)
4 VALERIY BARDAKOV, TIMUR NASYBULLOV
changing the operations ∗ and ∗−1. The following way of constructing a new quandle
from given quandles Q1, Q2 is introduced in [3, Proposition 9.2].
Proposition 3.1. Let 〈Q1, ∗〉, 〈Q2, ◦〉 be quandles and σ : Q1 → Conj−1 (Aut(Q2)),
τ : Q2 → Conj−1 (Aut(Q1)) be quandle homomorphisms. Then the set Q = Q1 ⊔Q2
with the operation
x ⋆ y =


x ∗ y, x, y ∈ Q1,
x ◦ y, x, y ∈ Q2,
τ(y)(x), x ∈ Q1, y ∈ Q2,
σ(y)(x) x ∈ Q2, y ∈ Q1.
is a quandle if and only if the following conditions hold:
(1) τ(z)(x) ∗ y = τ (σ(y)(z)) (x ∗ y) for x, y ∈ Q1 and z ∈ Q2,
(2) σ(z)(x) ◦ y = σ (τ(y)(z)) (x ◦ y) for x, y ∈ Q2 and z ∈ Q1.
The quandle 〈Q1 ⊔Q2, ⋆〉 introduced in Proposition 3.1 is denoted by Q = Q1 ⊔
σ,τ
Q2
and is called the union of quandles Q1, Q2 (with respect to σ, τ).
A subquandle P of a quandle Q is said to be normal if p ∗ q belongs to P for all
p ∈ P, q ∈ Q. It is clear that if P is a normal subquandle of Q, then P is a union of
orbits in Q. Quandles Q1, Q2 are obviously normal in Q = Q1 ⊔
σ,τ
Q2, therefore if Q
is a connected quandle, then it cannot be presented as a union of two subquandles.
If Q is not connected, Q1 is an orbit of some element from Q, Q2 = Q \ Q1, then
Q = Q1 ⊔
σ,τ
Q2 for appropriate σ, τ . So, a quandle Q can be presented as a union of
two quandles if and only if Q is not connected. The dihedral quandle R2n of an even
order can be presented as a union of two subquandles in a very nice way.
Proposition 3.2. R2n = Rn ⊔
σ,τ
Rn for appropriate σ, τ .
Proof. The quandle R2n consist of the elements x0, . . . , x2n−1 and it is a union of two
orbits Orb(x0) = {x2m | m = 0, . . . , n − 1}, Orb(x1) = {x2m+1 | m = 0, . . . , n − 1}.
The formulas
x2m+1 ∗ x2k+1 = x2(2k−m)+1, x2m ∗ x2k = x2(2k−m)
show that both Orb(x0), Orb(x1) are isomorphic to Rn. 
3.1. Quandles with the free abelian enveloping group. Let n,m be positive
integers and Tn = {x0, . . . , xn−1}, Tm = {y0, . . . , ym−1} be trivial quandles. Denote
by σ the map which send every element from Tn to the cyclic permutation f =
(y0, y1, . . . , ym−1), and by τ the map which send every element from Tm to the cyclic
permutation g = (x0, x1, . . . , xn−1). It is easy to check that the maps σ, τ satisfy
Proposition 3.1. Therefore we can define the union U(n,m) = Tn ⊔
σ,τ
Tm of Tn, Tm
with respect to σ, τ . The operation in U(n,m) = {x0, . . . , xn−1, y0, . . . , ym−1} is given
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by the formulas
xi ∗ xj = xi, xi ∗ yr = xi+1 (mod n),
yr ∗ ys = yr, yr ∗ xi = yr+1 (mod m).(3.1)
It is clear that U(1, 1) = T2. The quandle U(1, 2) is isomorphic to the quandle
Cs(4) = 〈x, y, z | x ∗ y = z, x ∗ z = x, z ∗ x = z, z ∗ y = x, y ∗ x = y, y ∗ z = y〉
introduced by Joyce in [11, Section 6].
Theorem 3.3. Let Q be a finite quandle. Then GQ = Z × Z if and only if Q is
isomorphic to U(n,m) for coprime integers n,m.
Proof. From formulas (3.1) we conclude that GU(n,m) is generated by the elements
x0, . . . , xn−1, y0, . . . , ym−1 and has the defining relations
[xi, xj] = [yr, ys] = 1 for i, j = 0, . . . , n− 1, r, s = 0, . . . , m− 1(3.2)
y−1r xiyr = xi+1 (mod n) for i = 0, . . . , n− 1, r = 0, . . . , m− 1(3.3)
x−1i yrxi = yr+1 (mod m) for i = 0, . . . , n− 1, r = 0, . . . , m− 1(3.4)
From formulas (3.3), (3.4) we see that
xi = y
−i
0 x0y
i
0, yr = x
−r
0 y0x
r
0 for i = 0, . . . , n− 1, r = 0, . . . , m− 1,(3.5)
therefore we can delete the the elements x1, . . . , xn−1, y1, . . . , ym−1 from the generating
set of GU(n,m). Using formulas (3.5) relations (3.2) can be rewritten in the form
[x0, x
y
j
0
0 ] = [y0, y
xs0
0 ] = 1 for j = 0, . . . , n− 1, s = 0, . . . , m− 1.
These relations are equivalent to only two relations [x0, [x0, y0]] = [y0, [x0, y0]] = 1
which say that the element [x0, y0] belongs to the center of GU(n,m). This fact and
formulas (3.5) imply that
xi = x0[x0, y0]
i, yr = y0[x0, y0]
r for i = 0, . . . , n− 1, r = 0, . . . , m− 1,(3.6)
Using this fact we conclude that GU(n,m) is generated by the elements x0, y0 and has
the following defining relations (which follow from (3.2), (3.3), (3.4)).
[x0, [x0, y0]] = [y0, [x0, y0]] = [x0, y0]
n = [x0, y0]
m = 1.(3.7)
If n,m are coprime, relations (3.7) imply that GU(n,m) = Z × Z. The if-part of the
theorem is proved.
Let Q be a quandle such that GQ = Z × Z. Decompose Q into the union of the
orbits Q = Orb(x1) ⊔ · · · ⊔Orb(xk) and consider the homomorphism Q→ Tk which
maps each element from Orb(xk) to the same element (which is denoted by the same
letter xk). From the definition of the enveloping group follows that
Z
2 = GQ/[GQ, GQ] = GT = Z
k,
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therefore k = 2 and Q is a union of only two orbits Q = Orb(x) ⊔Orb(y). Therefore
Q can be presented in the form
(3.8) Q = Orb(x) ⊔
σ,τ
Orb(y)
for appropriate σ, τ . Consider now the homomorphism ϕ : Q → Conj(GQ) which
maps every element from Q to the corresponding generator of GQ. Since GQ is
abelian, ϕ(Orb(x)) = {ϕ(x)}, ϕ(Orb(y)) = {ϕ(y)}. Since Inn(Q) is the quotient of
GQ, for all a ∈ Q, z ∈ Orb(x), t ∈ Orb(y) we have
a ∗ z = a ∗ x, a ∗ t = a ∗ y,(3.9)
From these equalities follows that for all a, b ∈ Orb(x) we have
a ∗ b = a ∗ x = a ∗ a = a,
i. e. Orb(x) = Tn is a trivial quandle. Similarly we can show that Orb(y) = Tm is a
trivial quandle. So, equality (3.8) can be rewritten in the following form
(3.10) Q = Tn ⊔
σ,τ
Tm
for appropriate σ, τ . From equalities (3.9) follows that for a ∈ Orb(x) = Tn and
b ∈ Orb(y) = Tm we have
a ∗ b = a ∗ y
but by formula (3.10) and the definition of the union of quandles (Proposition 3.1)
we have
τ(b)(a) = a ∗ b = a ∗ y = τ(y)(a),
therefore τ(b) = τ(y) = g for all b ∈ Orb(y) and some g ∈ Aut(Orb(x)) = Aut(Tn).
Similarly we can prove that σ is a constant map which maps each element from
Orb(x) to some automorphism f ∈ Aut(Orb(y)) = Aut(Tm). Since Orb(x) = Tn
forms an orbit in Q and the only elements from Q which act nontrivially on Tn
belong to Orb(y) (these elements act on Orb(x) = Tn as g), the group generated by
g must act transitively on Tn, i. e. g is a cycle of length n. Similarly we can prove
that f is a cycle of length m. Now formula (3.10) implies that Q = U(n,m). From
formulas (3.7) and the fact that GQ = Z× Z follows that m,n are coprime. 
Corollary 3.4. There is an infinite number of finite pairwise non-isomorphic quan-
dles with the same enveloping group.
The following problem comes naturally from Theorem 3.3.
Problem 3.5. Classify quandles with free abelian enveloping groups.
If n,m are not coprime, then from formulas (3.7) follows that GU(n,m) is nilpotent
of nilpotency class 2. Similarly to U(n,m) we define the quandle
U(∞,∞) = T∞ ⊔
σ,τ
T∞
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which is a union of two trivial quandles {xi | i ∈ Z} and {yj | j ∈ Z} with the
operation given by
xi ∗ xj = xi, xi ∗ yr = xi+1,
yr ∗ ys = yr, yr ∗ xi = yr+1.
From the proof of Theorem 3.3 we conclude that the enveloping group GU(∞,∞) is the
free nilpotent group of rank 2 and class 2.
Problem 3.6. Classify quandles with nilpotent enveloping groups.
3.2. Dihedral quandles. Let n be a positive integer and Rn be the dihedral quandle
of order n. This quandle consists of the elements x0, . . . , xn−1 with the operation given
by xi ∗ xj = x2j−i (mod n). Throughout this section we denote by ai the image of the
element xi under the natural map Q→ GQ.
Proposition 3.7. Let n be a positive integer. Then the enveloping group GR2n of the
quandle R2n is generated by the elements a0, a1 and is defined by the relations
(3.1) [a0, a
2
1] = [a
2
0, a1] = [a0, (a0a1)
n] = [a1, (a0a1)
n] = 1.
For ε ∈ {0, 1} and r ∈ {0, . . . , n−1} the element a2r+ε from GR2n has the presentation
a2r+ε = a
(a0a1)r
ε .
Proof. Since in R2n we have the equality
(x0 ∗ x1) ∗ x1 = x2 ∗ x1 = x0,
in GR2n there is an equality a
−2
1 a0a
2
1 = a0, or equivalently [a0, a
2
1] = 1. Similarly we
can show that [a20, a1] = 1.
Using direct calculations it is easy to see that in R2n we have the identity
x0 = x0 ∗x0 ∗ x1 ∗ x0 ∗ x1 ∗ · · · ∗ x0 ∗ x1︸ ︷︷ ︸
2n symbols ∗
.
therefore in GR2n there is an identity a
(a0a1)n
0 = a0, or equivalently [a0, (a0a1)
n] = 1.
Similarly we can show that the relation [a1, (a0a1)
n] = 1 holds in GR2n . Therefore
relation (3.1) are true in GR2n . Now we need to prove that GR2n is generated by only
two elements a0, a1 and that all the relation of GR2n follow from relation (3.1).
By the definition, the group GR2n has the generators a0, . . . , a2n−1 and is defined
by the relations
(3.2) a−1j aiaj = a2j−i(mod 2n) for i, j ∈ {0, . . . , 2n− 1}.
Using direct calculations it is easy to check that for ε ∈ {0, 1} and r ∈ {0, . . . , n− 1}
there is an identity
x2r+ε = xε ∗ x0 ∗ x1 ∗ x0 ∗ x1 ∗ · · · ∗ x0 ∗ x1︸ ︷︷ ︸
2r symbols ∗
.
Therefore in GR2n there is an identity
(3.3) a2r+ε = a
(a0a1)r
ε
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and GR2n is generated by a0, a1. Let us prove that every relation from (3.2) follows
from relations (3.1). Let i = 2r+ ε, j = 2s+ η for r, s ∈ {0, . . . , n− 1}, ε, η ∈ {0, 1}.
Using equalities (3.1) checking all the 4 possibilities for the pair (ε, η) it is easy to
check that the equality
(3.4) aaη(a0a1)
ε−η
ε = aε
always holds. Then we have
a−1j aiaj = a
−1
2s+ηa2r+εa2s+η
=
(
a(a0a1)
s
η
)−1 (
a(a0a1)
r
ε
) (
a(a0a1)
s
η
)
using (3.3)
= a(a0a1)
r(a0a1)−saη(a0a1)s
ε
= aaη(a0a1)
2s−r
ε using (3.1)
= aaη(a0a1)
ε−η(a0a1)2s−r+η−ε
ε
= a(a0a1)
2s−r+η−ε
ε using (3.4)
= a(a0a1)
2s−r+η−ε(mod n)
ε using (3.1)
= a2j−i(mod 2n) using (3.3)
So, we proved that every relation from (3.2) follows from relations (3.1). 
Corollary 3.8. Let n be a positive integer and Q = R2n be the dihedral quandle of
order 2n. Then the natural map Q→ GQ is injective.
Proof. From Proposition 3.7 follows that the elements a20, a
2
1 belong to the center
of GR2n . Therefore H = 〈a
2
0, a
2
1〉 = Z × Z is a normal subgroup of GR2n . From
relations (3.1) follows that the quotient GR2n/H is generated by the elements y0 =
a0H , y1 = a1H and has the defining relations y
2
0 = y
2
1 = (y0y1)
2n = 1. This group is
isomorphic to the dihedral group D2n and we have the short exact sequence
(3.5) 1→ Z× Z→ GR2n → D2n → 1.
Denote by ϕ : GR2n → GR2n/H = D2n the canonical homomorphism. This homo-
morphism maps a0 to y0, and a1 to y1. From Proposition 3.7 for ε ∈ {0, 1} and
r ∈ {0, . . . , n− 1} the element a2r+ε from GR2n has the presentation a2r+ε = a
(a0a1)r
ε .
Therefore
(3.6) ϕ(a2r+ε) = yε(y0y1)
2r = y0(y0y1)
2r+ε.
Since D2n = Z2n ⋊ Z2 = 〈y0y1〉 ⋊ 〈y0〉, every element from D2n can be uniquely
expressed in the form yη0(y0y1)
s for η ∈ {0, 1} and s ∈ {0, . . . , 2n− 1}. This fact to-
gether with equalities (3.6) implies that the elements ϕ(ai) are different for different i.
Therefore all the elements a0, . . . , a2n−1 are different. 
From the short exact sequence (3.5) follows that the quotient of GR2n by the central
subgroup is isomorphic to D2n. If n = 2
k for some integer k, then D2n is nilpotent,
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therefore GR2n is nilpotent, so, the dihedral quandles of order 2
k provide another
examples of quandles with nilpotent enveloping group.
4. (G,A)-quandles and their properties
Based on the construction of the free quandle introduced in Section 2 we will
introduce the new way of constructing quandles from groups. Let G be a group and
A be a subset of G. On the set A×G define the operation
(a, u) ∗ (b, v) = (a, uv−1bv)
for a, b ∈ A, u, v ∈ G. The algebraic system R(G,A) = (A ×G, ∗) is a rack and for
a, b ∈ A, u, v ∈ G we have
(a, u) ∗−1 (b, v) = (a, uv−1b−1v).
We call the rack R(G,A) the (G,A)-rack. Denote by Q(G,A) the quotient of R(G,A)
by the equivalence relation (a, gh) ∼ (a, h) for g ∈ CG(a) = {x ∈ G | xa = ax}. The
operation in Q(G,A) is given by the formula
[(a, u)] ∗ [(b, v)] = [(a, uv−1bv)],
where [(a, u)] denotes the equivalence class of (a, u). Is is easy to check that this
operation is correct (i. e. it does not depend on the representative of [(a, u)]). Also
it is clear that Q(G,A) is a quandle. We call this quandle the (G,A)-quandle. For
the sake of simplicity for a ∈ A, u ∈ G we will write (a, u) instead of [(a, u)], and for
a ∈ A we denote by the same symbol a the element (a, 1) ∈ Q(G,A). If F (X) is the
free group freely generated by the set X , then Q(F (X), X) = FQ(X).
Joyce [11, Section 9] introduced the notion of the augmented quandle. An aug-
mented quandle (Q,G) consists of a set Q, a group G equipped with a right action
on the set Q, and a function ε : Q→ G called the augmentation map which satisfies
the following two axioms
(AQ1) q · ε(q) = q for all q ∈ Q.
(AQ2) ε(q · x) = x−1ε(q)x for all q ∈ Q, x ∈ G.
Given a pair (Q,G) satisfying (AQ1) and (AQ2), one can define on Q the following
operations
p ∗ q = p · ε(q), p ∗−1 q = p · ε(q)−1.
The algebraic system 〈Q, ∗〉 (together with the action of G and the map ε) is called
the augmented quandle. The action of G on Q is by quandle automorphisms, and
the augmentation map ε : Q→ G gives a quandle homomorphism Q→ Conj(G).
Let G be a group and A be a nonempty subset of G. On the set A×G define an
equivalence relation (a, g) ∼ (a, hg) for h ∈ Cg(a) and denote by Q = A×G/ ∼ the
set of equivalence classes. The group G acts on Q by the rule (a, g) · h = (a, gh).
Define the map ε : Q→ G by the rule ε(a, g) = g−1ag, this map is correctly defined
on the set of equivalence classes. It is easy to check that ε satisfied (AQ1) and (AQ2)
and that the (G,A)-quandle is the augmented quandle with acting group G. As a
corollary we have the following lemma.
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Lemma 4.1. For an element g ∈ G the map ιg : Q(G,A) → Q(G,A) which maps
(a, u) to (a, ug) is an automorphism of Q(G,A).
The following lemma follows from the definition of the (G,A)-quandle.
Lemma 4.2. Let x, y ∈ Q(G,A) be such that x ∗ y = x, then y ∗ x = y.
Proof. Direct calculations. 
At first glance it may seem that as for free quandles the quandle Q(G,A) is isomor-
phic to the subquandle of Conj(G) which consists of the union of conjugacy classes
of elements from A, however, it is not true. For example, if G = F2 = 〈x, y〉 is a
free group and A = {x, y, y−1xy}, then the quandle Q(G,A) has three orbits under
the action of Inn(Q(G,A)), but the quandle Q which is a subquandle of Conj(G)
which consists of the union xG ∪ yG ∪ (y−1xy)G = xG ∪ yG has only two orbits under
the action of Inn(Q), therefore these quandles are not isomorphic. However, if the
elements of A are pairwise non-conjugate, then we have the following proposition.
Proposition 4.3. Let G be a group and A be a subset of G such that the elements of
A are pairwise non-conjugate in G. Then Q(G,A) is isomorphic to the subquandle
of Conj(G) which consists of the union of conjugacy classes of elements from A.
Proof. Denote by Q the subquandle of Conj(G) which consists of the union of con-
jugacy classes of elements from A and consider the map ϕ : Q(G,A) → Q given
by the rule (a, u)ϕ = u−1au. If a is an element of Q, then there exist elements
b ∈ A, x ∈ G such that a = x−1bx and (b, x)ϕ = a, therefore ϕ is surjective. If
u−1au = (a, u)ϕ = (b, v)ϕ = v−1bv for a, b ∈ A, u, v ∈ G, then since the elements
from A are pairwise non-conjugate, a = b and vu−1 ∈ CG(a), therefore (a, u) = (b, v)
and ϕ is injective. Using direct calculation we have
((a, u) ∗ (b, v))ϕ = (a, uv−1bv)ϕ = (uv−1bv)−1a(uv−1bv)
= (v−1bv)−1(u−1au)(v−1bv) =
(
(b, v)ϕ
)
−1(
(a, u)ϕ
)(
(b, v)ϕ
)
,
therefore ϕ is an isomorphism. 
Corollary 4.4. Let G be a group and A be the set of representatives of conjugacy
classes of G. Then Q(G,A) is isomorphic to Conj(G).
A lot of quandles can be constructed as (G,A)-quandles.
Theorem 4.5. Let Q be a quandle such that the natural map θ : Q→ GQ is injective,
and A be a set of representatives of orbits of Q. Then Q is isomorphic to Q(GQ, θ(A)).
Proof. Since θ is injective, we will identify elements from Q and their images in GQ.
Since A is a maximal subset of Q such that every two elements from A belong to
different orbits, for every element a ∈ Q, there exists an element x ∈ A and an inner
automorphism ϕ ∈ Inn(Q) such that a = xϕ. Since ϕ is an inner automorphism of Q,
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it can be written in the form ϕ = Sε1x1S
ε2
x2
. . . Sεnxn for x1, . . . , xn ∈ Q, ε1, . . . , εn ∈ {±1},
therefore every element a from Q can be written in the form
a = x ∗ε1 x1 ∗
ε2 · · · ∗εn xn(4.1)
for x ∈ A, x1, . . . , xn ∈ Q, ε1, ε2, . . . , εn ∈ {±1}. Let a be an element from Q written
as in (4.1) and let ψ : Q→ Q(GQ, θ(A)) be the map defined by
ψ : a 7→ (x, xε11 . . . x
εn
n ).
We are going to prove that ψ gives an isomorphism Q → Q(GQ, θ(A)). At first, we
need to prove that ψ is well defined, i. e. if a = b, then ψ(a) = ψ(b). Let
a = x ∗ε1 x1 ∗
ε2 · · · ∗εn xn,
b = y ∗η1 y1 ∗
η2 · · · ∗ηk yk(4.2)
for x, y ∈ A, x1, . . . , xn, y1 . . . , yk ∈ Q, ε1, . . . , εn, η1, . . . , ηk ∈ {±1} and a = b. Since
all the elements from A belong to different orbits, we have x = y and equality (4.2)
implies that
x ∗ε1 x1 ∗
ε2 · · · ∗εn xn ∗
−ηk yk ∗
−ηk−1 · · · ∗−η1 y1 = x.
Acting by θ we conclude that the element d = xε11 x
ε2
2 . . . x
εn
n y
−ηk
k . . . y
−η1
1 belongs to
CGQ(x), therefore
ψ(b) = (y, yη11 . . . x
ηk
k ) = (x, dy
η1
1 . . . x
ηk
k ) = (x, x
ε1
1 . . . x
εn
n ) = ψ(a)
and the map ψ is well defined.
Now we need to prove that ψ is bijective. If a = (x, w) for x ∈ θ(A), w ∈ GQ, then
since Q generates GQ, we have w = x
ε1
1 . . . x
εn
n for some elements x1, . . . , xn ∈ Q, and
numbers ε1, . . . , εn ∈ {±1} and ψ(x∗
ε1 x1 ∗
ε2 · · · ∗εn xn) = a, therefore ψ is surjective.
For injectivity, let
a = x ∗ε1 x1 ∗
ε2 · · · ∗εn xn,
b = y ∗η1 y1 ∗
η2 · · · ∗ηk yk
for x, y ∈ A, x1, . . . , xn, y1 . . . , yk ∈ Q, ε1, . . . , εn, η1, . . . , ηk ∈ {±1} and
(4.3) (x, xε11 . . . x
εn
n ) = ψ(a) = ψ(b) = (y, y
η2
1 . . . y
ηk
k ).
From the construction of Q(G,A) follows that x = y and from equality (4.3) follows
that the element d = xε11 . . . x
εn
n y
−ηk
k . . . y
−η1
1 belongs to CGQ(x). Consider the element
c = x ∗ε1 x1 ∗
ε2 · · · ∗εn xn ∗
−ηk yk ∗
ηk−1 · · · ∗η1 y1.
Acting on c by θ we have θ(c) = d−1θ(x)d = θ(x), and since θ is injective, c = x = y.
Therefore
b = c ∗η1 y1 ∗
η2 · · · ∗ηk yk = x ∗
ε1 x1 ∗
ε2 · · · ∗εn xn = a
and ψ is injective.
Now we need to prove that ψ is a homomorphism. The quandle axiom (r2) says
that the equality
(x ∗ y) ∗ z = (x ∗ z) ∗ (y ∗ z)
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holds for arbitrary elements x, y, z ∈ Q. Denoting by t = x ∗ z we conclude that the
equality
(4.4) t ∗−1 z ∗ y ∗ z = t ∗ (y ∗ z)
holds for all t, y, z ∈ Q. Let
a = x ∗ε1 x1 ∗
ε2 · · · ∗εn xn,
b = y ∗η1 y1 ∗
η2 · · · ∗ηk yk
be two elements from Q. For these elements we have ψ(a) = (x, xε11 . . . x
εn
n ), ψ(b) =
(y, yη11 . . . y
ηk
k ) and
(4.5) ψ(a) ∗ ψ(b) = (x, xε11 . . . x
εn
n y
−ηk
k . . . y
−η2
1 yy
η1
1 . . . y
ηk
k−1)
Applying several times equality (4.4) we have
a ∗ b = a ∗ (y ∗η1 y1 ∗
η2 · · · ∗ηk−1 yk−1)
= ((a ∗−ηk yk) ∗ (y ∗
η1 y1 ∗
η2 · · · ∗ηk−1 yk−1)) ∗
ηk yk
. . .
= a ∗−ηk yk ∗
−ηk−1 · · · ∗−η1 y1 ∗ y ∗
η1 y1 ∗
η2 · · · ∗ηk yk.
Applying θ to this equality and comparing the result with equality (4.5) we conclude
that ψ is a homomorphism, and therefore ψ is an isomorphism Q→ Q(GQ, θ(A)). 
Note that the fact that θ : Q → GQ is injective in Theorem 4.5 was used only for
proving the injectivity of the map ψ. If we do not suppose that the map Q→ GQ is
injective, then the proof of Theorem 4.5 guarantees the following result.
Proposition 4.6. Let Q be a quandle and A be a set of representatives of orbits of
Q. Then there exists a surjective homomorphism Q→ Q(GQ, θ(A)).
By Theorem 4.5, if Q is a quandle such that the natural map Q→ GQ is injective,
then Q = Q(G,A) for appropriate group G and its subset A. Of course, the group
G and the set A are not uniquely defined by Q. For example, if H is an arbitrary
group, then Q(G,A) = Q(G×H,A). Moreover, if G is an abelian group and A is a
subset of G such that |A| = n, then independently of A we have Q(G,A) = Tn.
Unfortunately, if the natural map Q → GQ is not injective, then the quandle Q
is not necessarily a (G,A)-quandle. The quandles U(1, n) constructed in Section 3.1
give the following statement.
Proposition 4.7. If n ≥ 2, then U(1, n) is not a (G,A)-quandle.
Proof. The quandle U(1, n) has the elements x, y0, . . . , yn−1 with the operation
x ∗ x = x ∗ yi = x, yi ∗ yj = yi, yi ∗ x = yi+1 (mod n)
for i = 0, . . . , n − 1. Since x ∗ y0 = x and y0 ∗ x = y1 6= y0, from Lemma 4.2 follows
that U(1, n) is not a (G,A)-quandle. 
By Theorem 3.3 for n ≥ 2 the natural map U(1, n)→ GU(1,n) is not injective.
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5. Commutative, latin and simple quandles are (G,A)-quandles
A quandle Q is called commutative if x ∗ y = y ∗ x for all x, y ∈ Q. Such quandles
were studied, for example, in [1]. Note that Neumann [20] used the term “commuta-
tive quandle” to denote the quandle with abelian group of inner automorphisms.
Let Q be a commutative quandle. Suppose that for x, y ∈ Q there exists z ∈ Q
such that z ∗ x = z ∗ y. Then from commutativity of Q follows that x ∗ z = y ∗ z and
x = y. Therefore if x 6= y, then Sx 6= Sy, i. e. the map Q → Inn(Q) which maps an
element x to the automorphism Sx is injective. Since Inn(Q) is the quotient of GQ,
the natural map Q→ GQ is also injective.
A quandle Q is called latin if for every pair of elements x, y ∈ Q there exists a
unique element z ∈ Q such that x = y ∗ z. Such quandles were studied, for example,
in [6,19,21]. If Q is a finite latin quandle then the multiplication table of Q is a latin
square.
Let Q be a latin quandle. Suppose that for x, y ∈ Q there exists z ∈ Q such that
z ∗ x = z ∗ y. Denote by t = z ∗ x. Since Q is latin, for the elements z, t there exists
a unique element f such that z ∗ f = t. The uniqueness of f implies that x = f = y.
Therefore if x 6= y, then Sx 6= Sy, i. e. the map Q→ Inn(Q) which maps an element x
to the automorphism Sx is injective. Since Inn(Q) is the quotient of GQ, the natural
map Q→ GQ is also injective.
A quandle Q is called simple if every homomorphism Q→ P is either injective or
constant. Simple quandles were studied, for example, in [12]. Every simple quandle
is connected.
Let Q be a simple quandle. The natural map θ : Q → GQ induces the homo-
morphism Q → Conj(GQ) (which we denote by the same letter θ). Suppose that
this homomorphism is not injective. Then, since Q is simple, θ is constant, i. e.
θ(x) = θ(y) for all x ∈ Q and fixed y ∈ Q. Since Inn(Q) is the quotient of GQ, the
map x 7→ Sx is also constant, i. e. Sx = Sy for all x ∈ Q. Therefore, for arbitrary
x, z ∈ Q we have the equality
x ∗ z = Sz(x) = Sy(x) = Sx(x) = x,
i. e. Q is the trivial quandle. But for the trivial quandle the natural homomorphism
θ : Q → Conj(GQ) is injective and we have a contradiction. So, if Q is a simple
quandle, then the natural map Q→ GQ is always injective.
Summarizing all the above information together Theorem 4.5 implies the following
result.
Corollary 5.1. If Q is commutative, latin or simple quandle, then Q is a (G,A)-
quandle.
Proof. In these cases the map Q→ GQ is injective. 
6. Takasaki quandles are (G,A)-quandles
Recall that the Takasaki quandle T (H) of an abelian group H is the quandle 〈H, ∗〉
with the operation given by x∗y = 2y−x for x, y ∈ H . In particular, ifH is the cyclic
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group of order n, then the Takasaki quandle T (H) is called the dihedral quandle of
order n and is denoted by Rn. In this section we prove that if H is a finitely generated
abelian group, then the Takasaki quandle T (H) is the (G,A)-quandle. Moreover, we
prove that if H is finite, the G can be chosen finite.
Lemma 6.1. Let H be a free abelian group. Then there exists a group G and a
subset A of G with |A| = |H : 2H| such that the Takasaki quandle Q = T (H) is the
(G,A)-quandle.
Proof. Let us prove that the natural map θ : Q → GQ is injective. Suppose that
θ(x) = θ(y) for some elements x, y from Q. Since Inn(Q) is the quotient of GQ, for
all z ∈ Q we have 2x− z = z ∗ x = z ∗ y = 2y − z, therefore x = y and θ is injective.
By Theorem 4.5 we have Q = Q(GQ, A), where A is the set of representatives of
orbits. It is easy to see that two elements x, y ∈ Q belong to the same orbit if and
only if x− y ∈ 2H , therefore A = |H : 2H|. 
Lemma 6.2. Let H be an abelian group of odd order. Then the Takasaki quandle
Q = T (H) is the (G, {x})-quandle for a finite group G and an element x ∈ G.
Proof. Let us prove that the natural map θ : Q → GQ is injective. Suppose that
θ(x) = θ(y) for some elements x, y from Q. Since Inn(Q) is the quotient of GQ, for
all z ∈ Q we have
2x− z = z ∗ x = z ∗ y = 2y − z,
since H has no 2-torsion, x = y and θ is injective.
Since the order of H is odd, for every element x ∈ H there exists an element
y ∈ H , such that x = 2y = 0 ∗ y, therefore Q is connected. By Theorem 4.5 we have
Q = Q(GQ, {x}) for an arbitrary element x ∈ Q.
From [13, Lemma 2.3] follows that GQ = [GQ, GQ] ⋊ 〈x〉. Since Q = T (H) is the
Takasaki quandle, for every element y ∈ Q we have (y ∗ x) ∗ x = y, therefore x2
belongs to the center of GQ, in particular, 〈x
2〉 is a normal subgroup of GQ. Denote
by : GQ → GQ/〈x
2〉 the natural homomorphism and let us prove that the map
ϕ : Q(GQ, {x})→ Q(GQ, {x}) given by ϕ(x, y) = (x, y) is the isomorphism. The fact
that ϕ is surjective homomorphism is obvious.
Let us prove that ϕ is injective. If (x, y) = ϕ(x, y) = ϕ(x, z) = (x, z), then y = hz
for some h satisfying h
−1
xh = x. Going to preimages we have y = x2nhz for some n
and h satisfying h−1xh = x2m+1 for some m. Since h−1xh belongs to Q, x2m+1 must
be equal to x, therefore y = x2nhz for x2nh ∈ CGQ(x), therefore (x, y) = (x, z) and
ϕ is injective. So, Q = Q([GQ, GQ]⋊ Z2, {x}). By [13, Lemma 2.2] the group GQ is
the FC-group, therefore [GQ, GQ] is finite and [GQ, GQ]⋊ Z2 is finite. 
Lemma 6.3. Let n be a positive integer. Then there exists a finite group G and two
elements x, y ∈ G such that R2n = Q(G, {x, y}).
Proof. By Corollary 3.8 and Theorem 4.5 the quandle R2n can be presented in the
form R2n = Q(GR2n , θ(A)), where A is the set of representatives of orbits of R2n. It
is clear that R2n = Orb(x0)∪Orb(x1), so, A = {a0, a1} and R2n = Q(GR2n , {a0, a1}).
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Similarly to the proof of Corollary 3.8 denote by H the subgroup 〈a20, a
2
1〉 of GR2n .
This subgroup is normal in GR2n and from (3.5) we have the short exact sequence
1→ H → GR2n → D2n → 1.
Let : GR2n → GR2n/H = D2n be the natural homomorphism and let us prove that
the map ϕ : Q(GR2n , {a0, a1}) → Q(D2n, {a0, a1}) given by ϕ(aε, x) = (aε, x) is the
isomorphism. The fact that ϕ is surjective homomorphism is obvious.
Let us prove that ϕ is injective. If (aε, x) = ϕ(aε, x) = ϕ(aη, y) = (aη, y), then
ε = η (it follows from the proof of Corollary 3.8). Then x = hy for some element h
which satisfies h
−1
aεh = aε. Going to the preimages we have x = a
2r
0 a
2s
1 hy for some
integers r, s and h satisfying h−1aεh = aεa
2p
0 a
2q
1 for some integers p, q. Since h
−1aεh
belongs to R2n, from Proposition 3.7 follows that the element aεa
2p
0 a
2q
1 must be equal
to aε, therefore x = a
2r
0 a
2s
1 hy for a
2r
0 a
2s
1 h ∈ CGR2n (aε), therefore (aε, x) = (aη, y) and
ϕ is injective, so, R2n = Q(D2n, {a0, a1}). 
Let Q = 〈Q, ∗〉 and P = 〈P, ◦〉 be quandles. Denote by Q×P the quandle 〈Q×P, ⋆〉
with the componentwise operation (a, x) ⋆ (b, y) = (a ∗ b, x ◦ y) for a, b ∈ Q, x, y ∈ P .
The quandle Q× P is called the direct product of quandles Q and P .
Proposition 6.4. Let Q = Q(G,A), P = Q(H,B). Then Q×P = Q(G×H,A×B).
Proof. Denote by ϕ the map ϕ : Q(G×H,A×B)→ Q(G,A)×Q(H,B) given by
(6.1) ((a, b), (g, h))ϕ = ((a, g), (b, h))
for a ∈ A, b ∈ B, g ∈ G, h ∈ H . Let us prove that ϕ is correct, i. e. if x = y,
then ϕ(x) = ϕ(y). If ((a1, b1), (g1, h1)) = ((a2, b2), (g2, h2)) for a1, a2 ∈ A, b1, b2 ∈ B,
g1, g2 ∈ G, h1, h2 ∈ H , then by the definition of (G × H,A × B)-quandle we have
(a1, b1) = (a2, b2) and (g1, h1) = (xg2, yh2) for (x, y) ∈ CG×H((a1, b1)) = CG(a1) ×
CH(b1). Therefore (a1, g1) = (a2, g2) in Q(G,A) and (b1, h1) = (b2, h2) in Q(H,B),
hence ((a1, g1), (b1, h1)) = ((a2, g2), (b2, h2)) in Q(G,A)×Q(H,B) and ϕ is correct.
The fact that ϕ is bijective is obvious (the inverse to ϕ map can be easily found
from (6.1)). The fact that ϕ is the homomorphism follows from the direct calculations.
Therefore ϕ is the isomorphism from Q(G × H,A × B) to Q(G,A) × Q(H,B) and
the proposition is proved. 
Lemmas 6.1, 6.2, 6.3 and Proposition 6.4 imply the following result.
Theorem 6.5. Let H be a finitely generated abelian group, then there exists a group
G and its subset A such that |A| = |H : 2H| and T (H) = Q(G,A). If H is finite,
then G can be chosen finite.
Proof. If H1, H2 are abelian groups, then T (H1 ×H2) = T (H1) × T (H2). This fact
follows from the fact that for x1, x2 ∈ H1, y1, y2 ∈ H2 we have the identity
(x1, y1) ∗ (x2, y2) = 2(x2, y2)− (x1, y1) = (2x2 − x1, 2y2 − y1) = (x1 ∗ x2, y1 ∗ y2).
Since H is a finitely generated abelian group, it is a direct product of cyclic groups
of power prime orders and a free abelian group H0. Therefore T (H) is the direct
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product of dihedral quandles of power prime orders and the Takasaki quandle T (H0).
The result follows directly from Lemmas 6.1, 6.2, 6.3 and Proposition 6.4. 
7. Free product of quandles
Similarly to groups and other algebraic systems, it is possible to present quandles
by generators and relations as follows. Given a set of letters X denote by WQ(X)
the set of words in the alphabet X ∪ {∗, ∗−1, (, )} inductively defined by the rules
(1) x ∈ WQ(X) for all x ∈ X ,
(2) if a, b ∈ WQ(X), then (a) ∗ (b), (a) ∗−1 (b) ∈ WQ(X).
The set WQ(X) is called the set of quandle words on X . Let {ri, si | i ∈ I} be some
set of words from WQ(X) and R = {ri = si | i ∈ I} be the set of formal equalities.
Denote by ∼ an equivalence relation on WQ(X) given by the rule:
(1) x ∼ x ∗ x ∼ x ∗−1 x for all x ∈ WQ(X),
(2) x ∼ (x ∗ y) ∗−1 y ∼ (x ∗−1 y) ∗ y for all x, y ∈ WQ(X),
(3) (x ∗ y) ∗ z ∼ (x ∗ z) ∗ (y ∗ z) for all x, y, z ∈ WQ(X),
(4) ri ∼ si if the equality ri = si belongs to R.
The quotient WQ(X)/∼ with well defined operation (x, y) 7→ x ∗ y is obviously a
quandle. We say that this quandle is presented by the set of generators X and the
set of relations R and denote it by 〈X | R〉. It is clear that every quandle Q can be
presented by the set of generators X and the set of relations R: we can take X = Q
and R the set of all equalities x ∗ y = z in Q.
For two quandle Q = 〈X | R〉, P = 〈Y | S〉 with X ∩ Y = ∅ denote by Q ∗ P the
quandle
Q ∗ P = 〈X ∪ Y | R ∪ S〉.
The quandle Q ∗ P is called the free product of quandles Q,P . It is clear that the
free product depends on quandles Q,P , but not on their presentations. Indeed, if
Q = 〈X1 | R1〉 = 〈X2 | R2〉, P = 〈Y1 | S1〉 = 〈Y2 | S2〉, then a couple of isomorphisms
〈X1 | R1〉 → 〈X2 | R2〉, 〈Y1 | S1〉 → 〈Y2 | S2〉 can be naturally extended to the
isomorphism 〈X1 ∪X2 | R1 ∪ R2〉 → 〈Y1 ∪ Y2 | S1 ∪ S2〉.
Lemma 7.1. Let Q, P be quandles. Then GQ∗P = GQ∗GP . Moreover, if the natural
maps Q → GQ, P → GP are injective, then the natural map θ : Q ∗ P → GQ∗P is
injective.
Proof. For the set X of letters denote by WG(X) the set of all group words on
X and let α : WQ(X) → WG(X) be the map defined by: α(x) = x for x ∈ X ,
α(a ∗ b) = α(b)−1α(a)α(b), α(a ∗−1 b) = α(b)α(a)α(b)−1 for a, b ∈ WQ(X). If
Q = 〈X | R〉, P = 〈Y | S〉, then from the definition of the enveloping group it is
clear that GQ = 〈X | α(R)〉, GP = 〈Y | α(S)〉. Therefore GQ∗P = GQ ∗GP .
Let a, b ∈ Q ∗ P be two elements such that θ(a) = θ(b). The elements a, b can be
written in the forms a = a1 ∗
ε2 · · · ∗εn an, b = b1 ∗
η2 · · · ∗ηk bk, where each ai, bj belongs
to either P or Q and ε2, . . . , εn, η2, . . . , ηk ∈ {±1}. It is clear that a1, b1 both belong
to either P or Q (since θ is injective on Q and P , and there is no nontrivial element
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in GP conjugate to some element in GQ). Without loss of generality we can suppose
that a1, b1 ∈ Q. Denoting by
c = a1 ∗
ε2 · · · ∗εn an ∗
−ηk bk ∗
−ηk−1 · · · ∗−η2 b2
we see that θ(c) = θ(b1). Since
(aε22 . . . a
εn
n b
−ηk
k . . . b
−η2
2 )
−1a1(a
ε2
2 . . . a
εn
n b
−ηk
k . . . b
−η2
2 ) = θ(c) = θ(b1) = b1,
the element aε22 . . . a
εn
n b
−ηk
k . . . b
−η2
2 belongs to GQ (two elements from GQ are conju-
gated in GP ∗GQ if and only if they are conjugated in GQ), therefore it can be written
in generators X
aε22 . . . a
εn
n b
−ηk
k . . . b
−η2
2 = x
ξ1
1 . . . x
ξt
t
for x1, . . . , xt ∈ X , ξ1, . . . , ξt ∈ {±1}. Hence we have the equality
c = a1 ∗
ε2 · · · ∗εn an ∗
−ηk bk ∗
−ηk−1 · · · ∗−η2 b2 = a1 ∗
ξ1 x1 ∗
ξ2 · · · ∗ξt xt
which implies that c ∈ Q. Since θ(c) = θ(b1) and θ is injective on Q, we conclude
that c = b1 and a = b. 
Theorem 4.5 and Lemma 7.1 imply the following result.
Theorem 7.2. Let Q,P be quandles such that the natural maps Q→ GQ, P → GP
are injective, and A,B be the sets of representatives of orbits of P , Q respectively.
Then P ∗Q is isomorphic to Q(GQ ∗GP , A ∪ B).
Proof. Noting that the set A∪B is the maximal subset of P ∗Q such that every two el-
ements from it belong to different orbits, the result follows directly from Theorem 4.5
and Lemma 7.1. 
Corollary 7.3. The free quandle FQn is the free product of n trivial quandles T1
with one element FQn = T1 ∗ T1 ∗ · · · ∗ T1︸ ︷︷ ︸
n
.
Proof. For i = 1, . . . , n denote by Qi = {ai} the trivial quandle with one element ai.
From Theorem 7.2 follows that
Q1 ∗Q2 ∗ · · · ∗Qn = Q(GQ1 ∗GQ2 ∗ · · · ∗GQn, {a1, . . . , an})
= Q(〈a1〉 ∗ 〈a2〉 ∗ · · · ∗ 〈an〉, {a1, . . . , an})
= Q(F (A), A),
where A = {a1, . . . , an} and F (A) is the free group on A. Since all Qi are isomorphic
to T1 and Q(F (A), A) = FQn, the corollary is proved. 
Corollary 7.3 implies the following result.
Corollary 7.4. The free quandle FQn on the set X = {x1, x2, . . . , xn} has the pre-
sentation FQn = 〈X | ∅〉.
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